Some remarks on good colorations  by de Werra, D
JOURNAL OF COMBINATORIAL THEORY @) 21, 57-64 (1976) 
Some Remarks on Good Colorations 
D. DE WERRA 
Dipartment de Math.&matiques, I?cole Polytechnique 
Fed&ale de Luusanne, Switzerland 
Communicated by W. T. Tutte 
Received July 3, 1973 
In this paper we are concerned with the concept of good k-coloration in- 
troduced by Berge. It is shown that if in a hypergraph H no node belongs to 
more than p edges and if H has a good k-coloration, then there is a good k- 
coloration S, , S, ,..., S, such that maxiGk / & 1 < (p - 1) min,+ 1 Si 1 + 1. 
Good k-edge colorations of multigraphs are examined and a theorem of Folkman 
and Fulkerson is extended to the good k-edge colorations and to the equitable 
k-colorations. 
INTRODUCTION 
The concept of good colorations introduced by Berge has been extremely 
fruitful for studying partitions of the nodes in a hypergraph into trans- 
versals and into stable sets. 
In terms of graphs, the good colorations have provided an elegant tool 
for deriving properties of partitions of the edges into matchings as well as 
into coverings. 
In this note, we will first consider good k-colorations of hypergraphs 
and we will examine how close the cardinalities of the subsets S, , S, ,..., S, 
can be. After we will fix our attention to good k-edge colorations of 
multigraphs and give a slight generalization of a theorem of Folkman and 
Fulkerson. 
1. ON GOOD K-COLORATIONS OF HYPERGRAPHS 
A hypergraph H = (X, U) consists here of a finite set X of nodes and 
a family U of nonempty edges E, (i = I,..., m) satisfying lJ& Ei = X; 
concepts which are not defined here can be found in [l]. 
H(p) will denote a hypergraph in which any node belongs to at most 
p edges. 
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Let s = {S, ) s, )...) S,} be a partition of the nodes of H(p) into k 
subsets. For each edge Ei , let k(i) be the number of subsets St for which 
&nE, # 0. 
Following Berge [2] we will say that S is a good k-coloration of H(p) 
if for any edge Ei we have k(i) = min(k, 1 Ei 1) where 1 Ei / is the cardinality 
of Ei . The good k-colorations were used by Berge [2] and Fournier [4] 
and are a generalization of the equitable k-colorations [6]. 
In the remainder of the paper we will assume that the subsets Si in any 
k-coloration are ordered in such a way that their cardinalities s, satisfy 
s, as, > *.* as,. 
Besides we will assume p > 2 (the problems considered here are almost 
trivial for p = 1). 
We will need the following: 
LEMMA. Any two subsets Si , Si in a good k-coloration of H(p) with 
sj > (p - 1) si + I, may be replaced by two subsets Si , Sj with Si < Sj < 
(p - 1) Si + 1. 
Proof. Let Hij be the subhypergraph spanned by Si v Sj . We associate 
to Hii a bipartite graph Gij ; its nodes are those of Hii and its edges 
(called (i,j)-edges) are obtained in the following way: We examine 
consecutively all edges E of Hij ; in each E we join as many disjoint pairs 
(x, y) of nodes as possible where x E E n Si and y E E n Sj ; all these pairs 
are the (i,j)-edges. (Multiple edges may occur in Gii but we will remove 
them, so Gii will be a graph.) Gij is obviously bipartite and no node in Gij 
has degree greater than p since no node in H(p) belongs to more than 
p edges. 
Suppose now that sj = Si + K > (p - 1) si + 1; Gii has at most 
p . si edges and sj + si > p * Si + 2 nodes, so that Gii is not connected. 
Hence there must be a connected component GG of G for which necessarily 
si* < si* = si* + L < (p - 1) Si* + 1. Here SC* and si* are the 
cardinalities of the subsets S,* and Sj* of nodes of G: belonging to Si and 
Si respectively. 
We may now interchange the nodes of Si* and Sj*, so that Sa and Sj are 
replaced by subsets & and Sj . 
(A) Notice that we have: 
0 < L < (p - 2) si* + 1 < (p - 2) pi + 1 < K, 
and this implies for the cardinalities of S, and Sj 
S< < Si = Si + L < Si + K = Sj 9 
S$ = sj - K < sj - L = Sj < sj . 
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We now have ( $ - Si / < K = sj - si and if (possibly after permuting 
the indices i, j) we still have Sj > (p - 1) Si + 1, we repeat the inter- 
change procedure. Finally we will obtain subsets Si , Sj for which li < Si < 
(p - 1) si + 1. 
(B) It remains to show that the partition of X obtained above is 
still a good k-coloration. 
Consider any edge E of H containing some node of Gc. ; we have to 
examine the following cases: 
(a) E contains an (i, j)-edge: Then obviously the colors appearing 
in E will be the same before and after the interchange. 
(b) E contains no (i,j)-edge: Hence either E n Sz = o and 
1 E n Si 1 < 1 (or E n Si = m and 1 E n S+ j < 1) since we have a good 
bicoloration of Hij . So after the interchange we will have either 
lEnSi\ ,<l and En$= m (or lEn& <l and En&= .@a>; 
since the other colors appear at most once in E we still have a good 
k-coloration of H. i 
Let us define S = (sl, s2 ,..., sk) as the sequence of cardinalities 
s1 2 s2 3 0.. > sk associated to a good k-coloration of H(p). 
As an immediate consequence of the lemma we have: 
THEOREM 1. Let S = (sl , s2 ,..., sic) correspond to a good k-coloration 
of H(p); then any sequence s’ = (sl’, So’,..., sk’) obtained from S by making 
interchanges between subsets for which sj > (p - 1) si + 1, corresponds 
also to a good k-coloration. In particular there is a sequence S* = 
cs,*, s2*,..., sk*) associated to a good k-coloration for which sl* < 
(P - 1) Sk* + 1. 
From this theorem we obtain several corollaries. Let q(H) be the greatest 
number of transversals in a partition of the nodes of H(p). (A transversal T 
is a subset of nodes with T n Ei # ia, i = l,..., m.) 
COROLLARY 1.1. For any k ,< q(H), there exists a partition of the 
nodes of H(p) into transversals T1 , T2 ,..., Tk with cardinalities t1 , t2 ,..., tk 
satisfying: 
mFxti <(p- l)mjntd+ 1. 
Next let y(H) be the strong chromatic number of H(p), i.e., the smallest k 
for which there exists a partition of X into subsets S, , S, ,..., Sk satisfying 
( Si n Ei I < 1 (i = l,..., m; j = l,..., k). Such a partition is a strong 
k-coloration. 
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COROLLARY 1.2. For any k > y(H) there exists a strong k-coloration 
Sl , s, ,***, S, with maxi si < (p - 1) min, si + 1. 
Finally let H(p) be the dual [I, p. 3741 of a multigraph G; the edges of G 
are the nodes of H(p). So p = 2 and any good k-coloration of H(p) is a 
good k-edge coloration of G, i.e., a coloration of the edges of G with k 
colors such that the number of colors k(x) appearing at node x of G satisfies 
k(x) = min(k, d(x)) 
where d(x) is the degree of x in G. 
COROLLARY 1.3. Let (S, , Sz ,..., S,) dejne a good k-edge coloration of 
G and let (s, , s2 ,..., sic) be the associated sequence of cardinalities. Then any 
sequence I&‘, sz’,. . . , sk’) satisfying 
(1) 
(2) 
also corresponds to a good k-coloration of G. 
Proof. This result follows directly from Theorem 1; since p = 2, 
interchanges can be made between Si and Si whenever sj - si > 2. 
Remark 1. Corollary 1.3 is a generalization of a property of p- 
bounded k-colorations of multigraphs [6]. 
2. A PROPERTY OF GOOD K-EDGE COROLATIONS OF MULTIGRAPHS 
We will now restrict our attention to the case of multigraphs (and 
particularly of bipartite multigraphs). We will say that a sequence 
s = (Sl , s2 )...) SJ of positive integers is k-color-feasible for a multigraph G 
if there exists a good k-edge coloration {S, , S, ,..., S,} of G where Si has 
cardinality si (i = l,..., k). We always assume s1 3 s2 3 *** > sk . 
According to Corollary 1.3, the set C, of all k-color-feasible sequences 
in G is a partially ordered set. (This has been shown in [3] for usual edge 
colorations.) 
If (1) and (2) hold for 2 sequences S = (sl , s2 ,..., sk) and S’ = 
@I’, %A’,..., s,‘) we will write S > s’. A sequence S of Ck is said to be 
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maximal if there is no sequence s’ # S in CI, with s’ > S. We may now 
generalize a result of Folkman and Fulkerson [3]. 
Notice first that a bipartite multigraph has a good k-edge coloration for 
any k (this follows directly from a theorem of Berge on balanced hyper- 
graphs [2]). Besides, it has been observed that there are multigraphs for 
which Ck has several maximal sequences [3]. 
We will now consider a bipartite multigraph G and compare the 
sequences in Ck and in C,,, (f ormally these sequences should have the 
same length, so we will introduce a zero component at the end of each 
sequence in C,). 
THEOREM 2. Let C, be the set of r-color-feasible sequences in a bipartite 
multigraph (r = 1, 2,..., k,...). Let S be any sequence in Ck+l ; then there 
always exists a sequence s’ in C, with s’ > S. 
Proof. Let S = (sl, s2 ,..., sk+,) be a sequence in C,,, and let s&) 
be the number of edges in Si which are adjacent to node x. We will 
construct a sequence S in CI, with S > S by removing consecutively 
all edges from S,,, and introducing them into some S, (i < k). At each 
stage S, , SZ ,..., Sk will be a good k-edge coloration of the multigraph G, 
whose edges are S, u S, U **- v Sk. 
(A) We pick up any edge (x, y) in S,,, and determine 
s,(x) = $F Si(X), 
St(Y) = yg h(Y). 
(B) If u = t, then we introduce edge (x, y) into S, ; S, , SZ ,..., S, 
will be a good k-edge coloration of GI, . If u # t, we have s,(x) < s$(x) 
and s,(y) < s,(y) and we may assume that u < t. We consider the 
subgraph GUt whose edges are S, u S, . There is at least one edge of S, 
which is adjacent to X. We determine an alternating chain C whose edges 
belong alternately to St and S, and which starts at node X. We extend C 
as far as possible (it may go through the same node several times). 
(C) C cannot end at node x (if we leave node x with an edge of S, 
we will come back to x only through an edge of S, because otherwise G 
would have an odd cycle; and, since st(x) > s,(x) we will always be able 
to leave x again). In the same way C cannot end at node y (we may arrive 
to y only with an edge in S, , otherwise C u (x, y) would contain an odd 
cycle; and since s,(y) > st( y) we will always be able to leave y again). 
Hence C will end at a node z f y, x. 
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(D) We may now interchange the edges of C n S, and C n St and 
we obtain two subsets s, and s, with 
S,(x) = s,(x) + 1, 
S,(x) = St(X) - 1, 
UY) = 4% 
%(A = h% 
I St(z) - S,(z)/ < I St(Z) - s,(z)l. 
Introducing (x, y) into s, and letting Si = Si (i # U, t) and $ = Si 
(i = U, t) we obtain a good k-edge coloration & , S, ,..., S, of the asso- 
ciated GI, since 
w  = St(X), 
St(Y) < f,(Y) = St(Y) + 1 G &(Y). 
(E) Furthermore (possibly after interchanging some indices so that 
fl 3 fz 3 ... > ik) we have 
i fi > i si r = l,..., k 
i=l 
with strict inequality holding for r 3 t since (x, JJ) was taken from S,,, . 
(F) We repeat the same procedure as long as there are edges (x, Jo) 
in Sk+1 and finally we will obtain a sequence S’ = (sl’, So’,..., So’) in C, 
such that S’ > S. This ends the proof. 
As a consequence we obtain a theorem of Folkman and Fulkerson 131. 
Consider a bipartite multigraph G with m edges and let q(G) be its 
chromatic index (i.e., the smallest k such that its edges may be colored 
with k colors in such a way that no two adjacent edges have the same 
color). It is well known that q(G) is the maximum degree when G is 
bipartite. Let C = lJ&,, Ci; each sequence S = (sl ,s, ,...,s,,J in C 
corresponds to a good k-edge-coloration of G for some k(q(G) < k < m). 
The last S~‘S in the sequence may be zero. C is a partially ordered set as was 
shown in [3]. 
COROLLARY 2.1. Where G is a bipartite multigraph with maximum 
degree n, all maximal sequences in C have n positive members. 
Proof. This follows immediately from Theorem 2: any sequence S 
with p > n positive members belongs to C, and there is a sequence 
S’ > S in CD-l from Theorem 2; finally there will be a sequence s in C, 
with s > S. Hence S cannot be maximal. 
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Remark 2. This result is not true for nonbipartite multigraphs: 
consider the graph consisting of edges (a, b), (b, c), (c, a), (a, d), (b, e), (c, f) 
with chromatic index 3; besides the sequence (2,2,2,0,0, 0) there is in C 
a maximal sequence (3, 1, 1, 1, 0,O) with more than 3 positive members. 
Remark 3. We may also ask whether for any sequence S in C, there 
exists a sequence S* in Ck+l with S > S*. This is generally not true for a 
nonbipartite multigraph since C, may be empty for some k. However for 
bipartite multigraphs the assertion is true: let S = (sr , s2 ,..., sk) E C, ; 
remember that s1 3 s2 3 ... > sic . Furthermore since C,,, is nonempty 
the sequence S* = (s,*, sz*,,.., sz+J with s,* - sz+r< 1 belongs to 
C,,, from Corollary 1.3 and (sl , s2 ,..., sic , 0) > S*. 
Remark 4. The concept of good k-edge colorations allows us to deal 
not only with usual edge colorations as in Corollary 2.1 but also with 
partitions of the edges into coverings. (A covering in G is a subset of edges 
which meet all nodes of G.) The covering index c(G) of a multigraph G 
is the greatest k for which there exists a partition of the edges of G into 
coverings S, , S, ,..., SI, . R. P. Gupta has shown that for a bipartite 
multigraph c(G) is the minimum degree in G [5]. Obviously for any 
k < c(G), a good k-edge coloration of G is a partition into k coverings. 
Theorem 2 is immediate for k < c(G): let S be any sequence in C,,, and 
let S, , S, ,..., S,,, be the corresponding partition into coverings; then the 
subsets S, = S, u S,,, , Si = Si (i = 2,..., k) form a partition into 
coverings (i.e., a good k-edge coloration) with (S, , Sz ,..., Sk., 0) > 
(SI 3 sz 9.*-P &+I). 
We conclude with a few observations about equitable k-colorations of 
multigraphs. A partition S, , S, ,..., Sk of the edges of G is an equitable 
k-coloration if for any node x 1 si(x) - ,si(x)l < 1, i,j = I,..., k (si(x) is 
the number of edges in Si which are adjacent to node x). 
An equitable k-coloration is a good k-edge coloration, but there are of 
course good k-edge colorations which are not equitable. It is known [6] 
that a bipartite multigraph has an equitable k-coloration for any k. 
Let us denote by Cke the set of sequences (sl , s2 ,..., $3 corresponding 
to equitable k-colorations of a multigraph G. Cke is also a partially ordered 
set [6] and Cke C Ck . 
Using the same proof as for Theorem 2 we obtain: 
THEOREM 3. Let CTe be the set of sequences corresponding to equitable 
r-colorations of a bipartite multigraph (r = 1, 2,...). Let S be any sequence 
in Ci,, ; then there always exists a sequence S’ in Cke with s’ > S. 
Remark 5. This theorem is interesting for all values of k in opposition 
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to Theorem 2: for instance if k + 1 < c(G) (see Remark 4) any equitable 
(k + 1)-coloration S, , S, ,..., S,,, is a partition into coverings; but 
although S, u Sk+, , S, ,..., SI, is still a partition into coverings (i.e., a good 
k-edge coloration), it is generally not an equitable k-coloration. 
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